Chapter 10 

Potentials and Fields 


Problem 10*1 



d 2 V 

= v V not o dt2 

a 2 A - VL 

= V 2 A-mo6 0 ^ 


d 2 V 
1 dt 2 


— 


V (v- A + fioeo^j =-poJ. 


/ 


1 

' _ i 

eo 


Problem 10,2 

(a) W — ^ J (^qE 1 + — dr, At — d/c, x > d — c£i, so E — 0, B — 0, and hence IY(ti) = 0, 
At r 2 = (d + ft)/c, ct 2 = d + ft: 


so B 2 — and 


Therefore 


E — - ^~(d+ h- x) z r B — -^ 7 “(d + ft - x)y, 

2 c 2 


(to E 2 + — B 2 ) = £o (e 2 + -1-1b 2> ) = 2e 0 E 2 . 
V Mg / V Mo <T J 


(d+h) 


W(t 2 ) - l(2e 0 )^^- J (d + h - x) 2 dx (Iw) = 


e 0 fila 2 lw 

( d + ft — x) 3 

d+h 

£qMo & 2 lwh 3 

4 

3 

d 

12 


(b) S(*) = — (B xE) - — E 2 \-z x (±y)l = ±— £ 2 x = 
Mo Mo c Moc 


± ^~^ et - M) a * 


(plus sign for x > 0, as here). For jx| > ct, S = 0, 

So the energy per unit time entering the box in this time interval is 


d J = P = J SM-<*> = 


^ aHw {ct~d) 2 . 


4 c 


Note that no energy flows out the top, since S(d -j- ft) = 0. 
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(c) W = j , 


Pdt = 


flQ Q 2 Iw 
Ac 


(d+h)/c 


j ( ct — d) 2 dt — 


U d/x 

Since 1/c 2 — this agrees with the answer to (a). 


IIqqPIw 

(ct - d) 3 

(d+A)/c 

/4o a 2 lwh 3 

Ac 

3c 

die 

12c 2 


Problem 10,3 


E — - W 


dA 

dt 


1 «f. 


AtTCq T 2 


B = VxA = [~o7~| 


i q 


This is a funny set of potentials for a stationary point charge q at the origin. (V' — A = 0 would, of 

course, be the customary choice,) Evidently 


p = g<s 3 ( r ); J = o. 


Problem 10.4 


da 


E = -VP — — = -A 0 cos(kx — u)t) y(-w) = Ao^cosffcx - ut) y, 


B = V X A = z — [Aq sm(kx — wt)] = Ao&cos(A:£ — wt) z. 


Hence VE = 0 ✓, V-B = 0 /. 

a_ 

dx 


Q 

VxE = z — EAowcosffor -wf)] — -A 0 wfcsin(fcx - ut)z, = -A 0 wfcsin(fcx - wf)z, 

L Ot 


OB , 

SO VXE = "-r— /. 

dt 


VxB — — y — [A 0 fecos(fex -wt)] = A 0 k 2 sin{kx - ut) y, -rrr = A 0 w 2 sin(fcx -wt)y. 
dx ot 


c?E 


So VxB = p 0 e 0 T^- provided k 2 = poCofaP, 

Problem 10,5 


or, since c 2 = 1 /^qCo, cj — ck. 


( 1 q )~ 

1 q. 

\ 47T£ 0 r / 

Attcq r 5 


A' = A + VA = - — r 

4tt€q r J 




This gauge function transforms the “funny” potentials of Prob. 10,3 into the “ordinary” potentials of a sta- 
tionary point charge, 


Problem 10,6 


dv 


Ex . 10.1: V‘A — 0; — = 0. 

ot 


Both Coulomb and Lorentz. 


Prob. 10.3: V-A = - 


qt 


Attfq 

dV 

Prob. 10.4: V-A = 0; ^ 0, 

dt 




Both. 
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Problem 10.7 

dV dV 

Suppose V'A ^ (Let V*A + “ ^—some known function.) We want to pick A such 

at at 

, dV 1 

that A' and V* (Eq. 10.7) do obey V*A — 

„ w dV* __ . _2 . dv d 2 x ^ ~ 

V-A + jPqCo = + V A + ixotQ — — /ioCo-^- = $ + □ A. 

This will be zero provided we pick for A the solution to D 2 A — — which by hypothesis {and in fact) we know 
how to solve. 

We could always find a gauge in which V* — 0, simply by picking A = f* V dt* . We cannot in general pick 
A = 0 — this would make B = 0. [Finding such a gauge function would amount to expressing A as — VA, and 
we know that vector functions cannot in general be written as gradients — only if they happen to have curl 
zero, which A (ordinarily) does not] 

Problem 10.8 

^From the product rule: 

V. (i) = i(V.J) + J • (vi) , V'. (i) - + J ■ (v'i) . 

But V- = -V'-, since * = r — r'. So 

* * 


But 


and 


so 


=;< v 

■J) - J • 

«)- 

= ;(v- 

J ) + ; 

(V'-J) - V'- ^ 

_ dJ x 


CO 

1 

CO 

, dJy 

dt r dJ : dt r 

dx 

+ a y ^ 

dz dt r dx 

dt r 

dy + dt r dz ' 

dt T 

1 c*t 

dt r 

i a« 

dt r 

1 at 

dx 

c dx' 

dy “ 

cdy’ 

dz 

c dz’ 

1 

dj x at 

dJ y ch 

dJ 2 

d* 



c 

dt T dx 

+ dt T dy 

dt r 

dz 


cdtr } ‘ 


V'-J 

dp 

dt 

i aj 

C dtr 

(V't). 



Similarly* 


[The first term arises when we differentiate with respect to the explicit r\ and use the continuity equation.] 
thus 

V. (£') = i Li M . (V'J + i [_«e - i “ (V'.)l - V. (Tu ®2 - V'. ( i) 

\*J * [ cdt r 1 '] » [ at c 8t r 1 ' J w *31 \tj 

(the other two terms cancel, since V* — - V'*). Therefore: 

VA = s [- 1 / ; dT - / *'■ (;) *] = [55 / i dT ] - £ / v ■'*• 

dV 

Th^ last term is over the suface at 'infinity”, where J = 0, so it*s zero. Therefore V*A = / 

at 
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Problem 10.9 

(a) As in Ex. 10.2, for t < r/c, A = 0; for t > r/c. 




vVo 2 -’- 2 


t 


/ 




\/r 2 + 


V(ct ) 2 -'' 2 

= -i f * 

z 2 c J 


= fin ^ + ^ - ^v/( cf ) 2 ~ 7,2 j ■ Accordingly, 


E(r,f) = - 



■ -£*H 


E ^ 1 2c 2 f | 

— r 2 J 2c ^(ct) 2 - r 2 J 


cf + \/ (ct) 2 - r 2 


cf 



2 c v /(^) 2 

^/(ct) 2 — r 2 yZ{et) 2 “ r 2 
(or zero, for t < r/c). 


B(r ,0 = 




2tt j l cf 4- i/ (cf) 2 - r 2 


1 (~2r) 

2c ^(ci) 2 - r 2 


( 


-C * 2 


/ipfe 

2tt 1 r^/(c£) 2 - r 2 cy^(ci) 2 




► ^ 


(~c 2 i 2 + r 2 ) 


2tt rc^/ (c£) 2 — r 2 


0 - 




(b) A(r, f) = 7 ^- z f <fz. But 4 = Vr 2 + z 2 , so the integrand is even in 2 : 

4tt y_ TO 4 


/— — - , 1 

Now z — — r 2 az = - 


*di 


, and z = 0 = r, z = oo ^ = oo, So: 

bck 


2 vV 2 - r 2 r 2 

AM) = ^ 8 / M'-^vP^rpr 
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Now <5 {t — i jc ) = o5(^ - ct) (Ex. 1.15); therefore A = ^zc 

2 tt 


${* - c t) 

Jr V * 2 “ 


so 


A(r, t) - 




2 tt _ r 2 


z (or zero, if ct < r); 


E(r ' <) - 


B) 


2c 2 f 


B (r , ( ) = -^* = - 


[(ct) 2 - r 2 ] 3 / 2 
/ I — 2r 


^o?oc 3 t 


2?r[(cf) 2 — r 2 ] 3 / 2 


B) 


[(ct) 2 - r 2 fl 2 


0 = 


-fioqocr 


27r[(ct) 2 — r 2 ] 3 / 2 


(or zero, for £ < r/c); 

(or zero, for £ < r/c). 


0 


Problem 10,10 


a = — [ * I -M dl = «± (S - 1 (dll . 

4tt / ^ 4tt y ^ 4 tt ( ./ ^ c J j 

But for the complete loop, / 01 = 0, so A = j ^ ^ 01 + ^ J 01 + 2x J ~ Here / x 01 = 2a x (inner 


circle), J 2 01 = -26 x (outer circle), so 


A = 


Pokt 

4tt 


-(2a) -j- 7 (-26) + 21n(6/a) 
a b 


x => 


A = ln(fr/ a) x, 


E = -^ = 
dt 


~ ln(6/o) *• 


The changing magnetic field induces the electric field. Since we only know A at one point (the center), we 
can’t compute V x A to get B* 

Problem 10*11 

In this case p{ r, £) = p( r, 0) and J(r, t) — 0, so Eq, 10.29 


■ B/ 

= j-f 

4tt£o J 


r{t',0) +p(t', 0)U p( r',0) 


m 


idr\ but t r = t - — (Eq, 10*18), so 


p(r',0) +p(r' J 0)i /?(r\0)(*/c) ( p(r', 0) 


C4 


■idr' = J- f SPAur’. qed 
4?reo J 


Problem 10,12 

In this approximation weVe dropping the higher derivatives of J, so J(£ r ) = J(£), and Eq. 10.31 => 
B(r, t) = fi [j(r', 1) + (»,-«) j(r',t) + jj(r',()] xSA-', but t, - < = -j (Eq. 10.18), so 

= £o flJAp* dr ., qed 

47 r / 4^ 


Problem 10,13 

At time t the charge is at r(£) — a[cos(wt) x 4- sin (wt) y], so v(£) = ua[— sin(u; £) x + co s(a;£) y]. Therefore 
zz - a[cos(u0 r ) x + sin(u0 r ) y], and hence £ 2 = z 2 + a 2 (of course), and ^ — y/z 2 + a 2 . 

i ■ v = ■ v) = i {-wa 2 [- sin(w£ r ) cos(n/£ r ) + sin(6j£ r ) cos(a;£ r )]} - 0, so ^1 — 
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Therefore 


V(z,t) = 


47T£q z 1 + a 2 ' 


A(z,f) = 


qua 


4tt€oc 2 >/z 2 + a 2 


[— sm(ujt r ) x + cos(wf r ) y). 


where 


t r = £ — 




Problem 10.14 

Term under square Toot in (Eq. 9.98) is: 

/ - cV-2c 2 t(rv) + (r*y) 2 +cV 2 -cV-uV+t;W 

= (r • v) 2 + (c 2 - v 2 )r 2 + c 2 (vt) 2 - 2c 2 (r ■ vt). put in vt = r - R 2 . 

= (r ■ v) 2 + (c 2 — v 2 )t 2 + c 2 {r 2 + /? 2 — 2r R) - 2c 2 {r 2 - r ■ R) = (r ■ v) 2 - r 2 v 2 4- c 2 R 2 > 

but 


/ \2 2 2 

(r ■ v) -tv 


((R + vt) ■ v) 2 - (R + vt) 2 v 2 

(R * v) 2 + v 4 t 2 T 2(R * v)v 2 t — R 2 v 2 — 2(R * v)fu 2 - v 2 t 2 v 2 
(R ■ v) 2 - R 2 v 2 = R 2 v 2 cos 2 6 - R 2 v 2 = -R 2 v 2 (1 - cos 2 6) 
-R 2 v 2 sin 2 B, 


Therefore 


Hence 


I = ~R 2 v 2 sin 2 0 + c 2 R 2 = c 2 R 2 ^1 - ~ sin 2 0^ . 


V(r,t) 


1 <1 

4ire ° RyJ 1 - ^ sin 2 (9 


qed 


Problem 10.15 

Once seen, from a given point 
x, the particle will forever remain 
in view— to disappear it would 
have to travel faster than light. 


iLight 


dirtsctipnl 


rays m 4- x 



185 


Problem 10.16 

First calculate £ r : £ r = £ — |r — w(t r }\fc 


-c(t r - t) = x — y/bP + c 2 t 2 => c(t r ~ t) -f x — \fb 2 + c 2 t 2 ; 
c 2 t 2 — 2c 2 £ r t + c 2 i 2 + 2 xct r - 2 xct + x 2 — b 2 + c 2 t 2 ; 

2ci r (x — ct) + (x 2 — 2xct + c 2 t 2 ) — £> 2 ; 

b 2 — (x — ct) 2 


w(t f J 


2 ct r (x — ct) = 5 2 - (x - ct) 2 , or £ r = 
1 <jc 


1 

v = - 


Now F(x, t) — 
1 


47Tfo (^C ” ^ ■ v) 
c 2 t r 


2c(x — ct) 

, and n,c — \ \ — ^(c — v); & — c(t -* t r ). 


2c t r = 


(?t T 


2 v/PT^T~ " c(£ r - f) + X ct T + (x - ct) 
c(t — t r )c(x — ct) c 2 (f ™ t r )(x — ct) 


; (c - u) = 


c 2 t r + c(x - ct) — c 2 t r 
ct r + (x — ct) 


ve - * ■ v = 


v 5 2 — (x — ct) 2 

; ct r + (x — ct) — — — —r— — I- (ar — ct) — 


c(x — ct) 
c£ r + (x — ct) 1 

6 2 4- (x — ct) 2 


t- t r = 

1 

4£ — 4 ■ V 


Ctr + (ae - ct) ct r + (x - ct) * 2(x - ct) 

2 ct(x - ct) - 6 2 + (x — ct) 2 (x — c£)(x + ct) - 6 2 (x 2 - c 2 t 2 — b 2 ) 


2(x — ct) 


2 c(x — ct) 
6 2 + (x - ct) 21 


1 


2c(x — ct) 

2c(x — ct) 


2c(x — ct) 


Therefore 
6 2 + (x - ct) 2 


2(x — ct) J c 2 (x - ct) [2 ct(x “ ct) — 5 2 + (x — ct) 2 ] c(x — ct) [2ct(x — ct) — ft 2 4- (x - ct) 2 ] 


The term in square brackets simplifies to (2ct + x — ct)(x — ct) — b 2 — {x H- ct)(x - ct) — fr = x 2 — c 2 t 2 - 6 . 


So 


V(x,t) = 


b 2 + (x - ct) 2 


4ttcq (x - ct)(x 2 - c 2 t 2 — b 2 ) 


Meanwhile 


A = 


V 


c 2 t r 


C 2 V Ct r + (x — Ct) C 2 


V „ f& 2 - (x - ct) 

X — 


2n 


2c(x — ct) 


2(x - ct) 


b 2 + (x - ct) 2 


5 2 + (x — ct) 2 4 ttco (x — ct)(x 2 - c 2 t 2 - 6 2 ) 


6 2 — (x - ct) 2 


47T6qC (x — ct)(x 2 — c 2 t 2 — 5 2 ) 


X. 


Problem 10.17 

From Eq, 10.33, c(t — t r ) = % => c 2 (t - t r ) 2 = % 2 = 4 ■ Differentiate with respect to t: 

2c’(( - « (l - = 2*' J. or » (l - = * • I’ N ° W * = r - 80 

dw dt T dt r ( dt r \ dt r dt r dt r . .... 

= ST, ST = ~ v sT ; “ v - It ) - -*■ ■ v “ = aT ( “ - * ' ' v) “ m ' ' u) (Eq ' 10 ' 64) ' 


db 

dt 


3w 

dt 


and hence — — — - qed 

at \ - u 
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Now Eq. 10.40 says A(r,i) = — V^r, t), so 


3A _ 1 f dv dV\ _ 1 f dv dt r 

dt c? \ dt l +v dt ) c 2 at 1 dt) 


~ -=* a 


dt r 1 


qc 1 

v + v- 


- qc d 


c 2 [ dt into 4 ■ u 4?reo (4 - u) 2 dt 


fac - 4 * v) 


1 tfc 

a dt r V 

( e *_ 

d\ 

, \r Mm , 

0V V 

C 2 4tT£q 

4 • u dt (* * u) 2 

V at 

a* 

at/. 


But n. = c(t - t r ) => ~ = c ^1 - , * = r - w(t r ) => ~ = -v^ (as above), and 


3v 

dt 


dv dtr __ dtr 
dtr dt a dt 


f , Mr 2 / dt r \ Mr dtr 11 

- u) 2 \ v * dt [ V <9£ ) dt dt j j 


47T£oC{4« u) 2 

\a(* 

Q 

l-c 

4?reo c(4- u) 2 

\ 

9 

{-& 

47reoc(4 * u) 2 


£ 

[-C 2 

4tT£qC( 4 ■ u) 3 

qc 1 

I 


4 tT€o ( 4 € — 4 ■ v } 3 


^(4c — 4 ■ v) ^ ~v + + -(c 2 — v 2 + 4 - a)v . qed 


Problem 10,18 

E = t — ^—7 [(c 2 - v 2 )n -f 4 x (u x a)l . Here v — 

4 iT€q ( 4 - u ) 3 1 J 

ux, a == ax, and, for points to the right > 4 = x, So u = 

(c — r?) x, u x a = 0, and 4 ■ u = 4 (c — u) . 


nj(t r ) 

x 


P 


X 


E = _i _i (c 2_ v 2 Kc _ v)s = ^Ii£±Ji)(lz^ s = _l„I( < £±i!^ x- 

4tT£q 4 3 (c — l>) 3 4?T6 o 4 2 (e — t^) 3 4 tT£o 4 2 \C — V/ ’ 

B — —4 x E — 0* qed 

c 

For field points to the left , 4 — — x and u = — (c + 1 ;) x, so 4 ♦ u = 4(c 4- u)* and 

q 4 


E = - 


4tT£q 4 3 (c + U) 3 


(c 2 -v 2 )(c + v)x = 


—q 1 f c — v\ „ _ 

y x; B = 0, 




dx 


Problem 10,19 

(a) E_ 4jre 0 Vi “ '7 ii 2 [l-fu/cjasin 2 ^ 372 ' 

The horizontal components cancel; the vertical com- 
ponent of R is sin# (see diagram). Here d — /Jsin#, so 
1 sin 2 B x „ . ^ _ d 


i? 2 


d 2 


— — = cot #, so dx = — d(— esc 2 B) dB — 


sin 2 0 


dB ; 





a: 
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1 d sin 2 8 dO 

dx = — y— — —— dO = — . Thus 
R 2 sin 2 e d z d 


E = 


A(1 — v 2 jc 2 ) y f 1 


sin 9 


/: 


[l — { v/c ) 2 sin 2 0] 

1 


2ein a /)l 3/3 

dz 


dB< Let z = cos#, so sin 2 $ = 1 — z 2 . 


4*tod J_ ! [1 - (v/c ) 2 + ( W / C )2^2j3/2 


A(1 — v 2 /c 2 )y 


1 


47re 0 d [b/c} 3 (ca/ v 2 - l)^/(c/vf - 1 + £ 2 

A(1 — t? 2 /c 2 ) cl 2 


+i 


— i 


47re 0 c/ v (1 - c 2 /v 2 ) yj (c/v) 2 -1 + 1 


y = 


1 2A 
4tt£o d 


(same as for a line charge at rest). 


(b) B - l( v x E) for each segment dq — A dx * Since v is constant, it comes outside the integral, and the 


same formula holds for the total field: 


But Xv — I, so 


pi ^ v ^ 1 2A M 1 2A, fiQ 2Xv ^ 

B = ^( v x E) = -(x x y ) = flQ e oV - r ~~ T z = — ■ — r z + 

c 2 c 2 4 tt e o d 47Te 0 d 47T d 

(the same as we got in magnetostatics, Eq. 5.36 and Ex. 5.7). 


b = 

4ir a 



Problem 10.20 

w(i) = ii[cos(urf) x + sin(wi) y]; 
v(f) = Ru[- sin(wt) x + cos(wt) y]; 
a(i) = -i?w 2 [cos(wt) x + sin(wi) y] = -w 2 w(i); 

*= -w(t r ); 

>i = R- 

tr = t- R/c ; 

i = — [cos(wi r ) x + sin(w£ r ) y]; 

u = d- v(t r ) = -c[cos(wf r )x + sin(wf r )y] - uR[— sin(wi r )x + cos(w£ r )y] 

— - {[ccos(wi r ) - wii sinful)] x 4- [csin(w£ r ) + wJ?cos(wf r )] y) ; 

x (u x a) — (t, ■ a)u - (-* ■ u)a; -fc • a = -w ■ (-w 2 w) — u} 2 R 2 ; 

* • u = R [c cos 2 (wf r ) - wRsm(ut r ) cos (wt r ) + csm 2 (ut r ) + wl?sin(tji r ) cos(wf r )] = Rc; 

u 2 = (ojR) 2 . So (Eq. 10.65): 


E = . q . A, [u (c 2 - lo 2 R 2 ) + u[uR)* - a (Be)] = 


q cu — Ra 
4x£q (Rc) 2 


4xe 0 {Ref 

(Ref {~I c2 cosfu^r) - wiJcsin(wi r )] x - [c 2 sin(w£ r ) + w/?ccos(tJi r )]y 
+ R 2 u> 2 cos(ut r ) x + R 2 u> 2 sin(wi r ) y} 


{ [{^R 2 — c 2 ) cos(wir) + uRc sin{wt r )] x + [(uj 2 R 2 - c 2 ) sin(wi r ) - ujRc cos(wl r )] y} . 
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B = -i x E = - (ixEy -i«E a ) z 
c c 

q ^ {cos(w£ r ) [(i w 2 R 2 — c 2 ) sin(w£ r ) - toRc cos(w£ r )] 


C 4 ?T£q (fie) 2 

- sin(o/£ r ) [{w 2 iJ 2 - c 2 } cos(u£ r ) + tjfiesin{u>i r )] } z 
J , [-u;itecQS 2 (utf r ) - u>/£csin 2 (a/t r )l z — 

4tt£o l J 


_Q ]_ 

4tT£o JZV 


wRcz — 


LJ 


4tT£o /?c 2 


Notice that B is constant in time. 

To obtain the field at the center of a circular ring of charge, let q —> A(2?rf?); for this ring to carry current 
/, we need I — Xv — X uR, so A — IfusR, and hence q — > (I/ujR)(27tR) — 2 kI/uj. Thus B ~ z, or, 


since l/c 2 = eofio. 


B = ^z, 

2R * 


4tT£q Rc 2 


the same as Eq. 5.38, in the case z — 0. 


Problem 10.21 

A(0, t) — Ao| sin(0/2)|, where 9 = <p - uit. So the (retarded) scalar potential at the center is (Eq. 10.19) 


v(t) - j _ f*di*= r 

4w€q J * 4tt€ 0 Jq 


A 0 |sin[(0 - urt r )/2]| 


a d<j> 


= 4 ™(»/2)'i8=~[-2co S W2)]j 


2 TT 
0 


Aq 

47Te 0 


[2 — (—2)] = 


Aq 

fT£ 0 ' 



(Note: at fixed t r , d<j> — d$ , and it goes through one full cycle of <p or Q .) 
Meanwhile 1(0, £) = Av = Aou;a|sin[(0 - ut)f 2] | <j>. From Eq. 10.19 (again) 


A(< > = 


Aotja|sm[(0 — u;t r )/2]| 0 


a dtp* 


But t T — t — ajc is again constant, for the 0 integration, and 0 = — sin0x ; + cos0y* 
fiQX 0 ua 


47T 


I Jsin[(0 — u;t r )/2]\ (— sin 0x + cos 0y) dp. Again, switch variables to 9 — <p - ut T 

Jq 


and integrate from 9 — 0 to 0 — 2tt (so we don't have to worry about the absolute value). 
/Xq Aqujo 


4tt 


r- 2 n 

/ sin(0/2) [— sin(0 + u)t T ) x + cos(0 + u4 r ) y] d&. Now 

Jo 


189 


So 


r2 ir ^ i»2jr 

I sin ( 0/2 ) sin(0 + u;£ r ) d0 = ~ / [cos (8/2 -f ti;t r ) — cos (3 8/2 + ud r )] 

Jo 2 Jq 


d8 

2ir 


If 2 

- 2 sin ( 8/2 + u>t r ) - - sin (30/2 + ujt r ) 

* [ *5 

sin{?r + “ sm(<j£ r ) — i sin{37r + ujt T ) + ^ sin(ud r ) 

3 o 

2 4 

— 2sin(ud r ) + -sin(ud r ) — — ~sin(u;i r ). 

o o 


r-2 it i p2w 

j sin (8/2) cos (0 -f ut r ) d8 — - / [- sin (8/2 + uit r ) -f sin (30/2 + ad r )] 

Jo 2 Jq 


dO 

2n 


If 2 

- 2 cos (0/2 + ut r ) — - cos (30/2 + ut r ) 
cos(tt -f- w£ r ) — cos(u>£ r ) — ^ cgs(3tt + u;£ r ) -f i cos(ti;£ r ) 

u u 

2 4 

— 2cos(u;i r ) + “Cos(a;£ r ) = — “COs(cj£ r ), 

3 3 


A(t) = [sin(uf r )x- cos{wi r )y] = 


/ipApaja 

3 tt 


{sin[tj(£ — a/c)] x — cos[cj(i — a/c)] y } 


Problem 10.22 
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Problem 10.23 

Using Product Rule #5, Eq. 10.43 =>■ 

V * A - — qcv ■ V [(c 2 t — r ■ v) 2 4- {c 2 — v 2 )(r 2 — e 2 t 2 )] 1 ^ 

47T L 

= | — ^ [(c 2 i - r • v) 2 + (e 2 - v 2 ){r 2 — c 2 t 2 )] 3/2 V [(c 2 t — r • v) 2 + (c 2 - w 2 )(r 2 - c 2 t 2 )] | 

= [( c 2 t - r ■ v) 2 + (c 2 - u 2 )(r 3 - c 2 t 2 ) ] " 3/2 v ■ {-2(c 2 t - r ■ v) V(r • v) + (c 2 - u 2 ) V(r 2 )} . 

Product Rule #4 => 


V(r • v) 

(v ■ V)r 
V(r 2 ) 


v x (V x r) + (v ■ V)r, but V x r = 0, 

(8 8 8 \ ^ 

! Uj— +Vu fy +V *dz) \ xx + yy + zz > - WiX + D^y + v 2 z - v, and 
V(r r)=2rx(Vxr) + 2(r • V)r = 2r. So 


V-A - [(c 2 t-r-v) 2 + (c 2 -v 2 )(r 2 -c 2 t 2 )]~ V \- [-2(c 2 t - r - v)v + (c 2 - u 2 )2r] 

= ^ [(c 2 t - r ■ v) 2 + (c 2 - u 2 )(r 2 - c 2 f 2 )]~ 3/2 {(c 2 t - r ■ v)u 2 - (c 2 - u 2 )(r ■ v)} . 

But the term in curly brackets is : c 2 tv 2 — v 2 (t • v) — c 2 (r ■ v) + u 2 (r ■ v) = c 2 (v 2 t — r • v). 
/jp go 3 (v 2 t - r ■ v) 

4tt [(c3 t _ r • v) 2 + (c 2 - v 2 )(r 2 - c 2 t 2 )] 3/2 ' 

Meanwhile, from Eq. 10.42, 

-Mo£o^ = -Wo—^rqc (-1) [(< C 2 t - r ■ v) 2 + (c 2 - v 2 )(r 2 - c 2 t 2 )]~ 3/2 x 

l[(c 2 t-v V ) 2 + (c 2 -v 2 )(r 2 -c 2 t 2 )] 

= [(c 2 t - r ■ v) 2 + (c 2 - u 2 )(r 2 - c 2 t 2 )] “ 3/2 [2(c 2 t - r ■ v)c 2 + {c 2 - u 2 )(-2c 2 t)] 

_ Mo 9C 3 (c 2 t - r ■ v - c 2 t + u 2 t) -V-A / 

4^ [(c 2 t — r ■ v) 2 + (c 2 — w 2 )(r 2 — c 2 t 2 )] 3 ^ 2 


Problem 10.24 


(a) 


Fo - 


?1?2 


47reo (b 2 + c 2 t 2 ) 


(This is just Coulomb’s law, since q\ is at rest.) 


(b) I, = 


L 


giga 

4tTC 0 7-00 (^ 2 + C S t 2 ) 


dt ~ 


4?reo 


“* tan 1 ( ct/b ) 
be 


qiq2 



9ig2 tt 

A'lre.Qbc 12 

\ 2)1 


4?reo 6c 


oo 

-oo 



AO 

% 

<1 2 


3 l <?2 

4?reotc 


[tan 1 (oo) — tan 1 (— 00 )] 
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(c) From Prob. 10.18, E — — — ( - ) x. Here x 

4?reo x 2 \c + vj 

and v are to be evaluated at the reta rded time t r , which is 
given by c(t-t r ) = x(t r ) — ^b 2 + c 2 t 2 => c 2 t 2 — 2 ctt r + c 2 t 2 — 
c 2 t 2 - b 2 

b 2 + <?i 2 => t r = ■ ' ^ - . iVbte: As we found in Prob, 10,15, 

52 first “comes into view” (for ^i) at time t — 0. Before that it 
can exert no force on qi > and there is no retarded time. From 
the graph of t r versus t we see that t r ranges all the way from 
-oo to oo while t > 0. 



r(£ r ) = c(t — t r ) — 


2c 2 1 2 - c 2 i 2 + b 2 b 2 + c 2 t 2 


2 ct 


2 ct 


(for t > 0), v(t) = 


2c 2 £ 


2 + c 2f2 


» 

a: 


so 




2ct 

b 2 + c 2 f 2 



c 2 * 2 - 6 2 
c 2 f 2 + b 2 



t > 0). 


Therefore 


c — v { c 2 t 2 + 6 2 ) - { c 2 t 2 — ft 2 ) 2b 2 6 2 . , ^2 4c 2 t 2 f> 2 

(T+7 = (c 2 t 2 +f> 2 ) + (c 2 f 2 -6 2 ) = ^f 2 = c^ 2 ( ° r ‘ > 0) ' E = “4^0 (f> 2 ~+c 2 f 2 ) 2 c 2 ^ X ^ 


0, t < 0; 

QiQz 46 2 

4tT£o (f> 2 + C 2 f 2 ) 2 X> 


(d) A = ■ S" 2 1 WTwy dt ■ The inteEral is 
i r —L—*-L(i-\ 

C 4 Jo [(£>/c ) 2 + * 2 ] 2 c 4 ^ 2 ; 


(W + i 2 


I 

Jo 


1 

[(b/c) 2 + t 2 )] 


1 _ 1 

/7TC\ 

” 2c 2 b 2 

\2b) 


So 


qiQ‘2 * 
4tt€o be 


7 r 
4c5 3 


(e) Fj 7^ —F2 * so Newton’s third law is not obeyed. On the other hand, I 1 — —Io in this instance, which 
suggests that the net momentum delivered from (1) to (2) is equal and opposite to the net momentum delivered 
from (2) to (1), and hence that the total mechanical momentum is conserved. (In general, the fields might 
carry off some momentum, leaving the mechanical momentum altered; but that doesn’t happen in the present 
case,) 


Problem 10.25 

S = — (E x B); B = i(v x E) (Eq. 10.69). 

SoS = ~[Ex(vxE}] = e 0 [£ 2 v - (v - E)E]. 
The power crossing the plane is P = f S * da, 
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and da — 2nr dr x (see diagram). So 


P - 


eo j r (E 2 v — E 2 v)2nr dr; E x = £cos$, so E 2 — E 2 = E 2 sin 2 

q 1 


7 


“ 2ireoV / £rsin 2 #r dr. From Eq. 10.68, E — 


R 


where 7 = 


T'l 

v q l 1 f K ! 2 sin 3 0 cos# 


r sin 2 0 


47re 0 7 2 B? [l - ( v/c ) 2 sin 2 0] 3/2 ' ' ' V 1 ~ 

f m y | 1 _ A 1 COS6 

■ dr. Now r = a tan 0 =3> dr — a — —r— d0\ — — 


2-f A 47reo 

2 

vq 


1 r 

a2 Jo 

d 


J?< [1 - (v/c) 2 sin 2 0] 3 "" cos20 R a 

d0. Let u = sm 2 0 , so du — 2 sin # cos# dQ. 


[l - (v/c) 2 sin 2 0] 
u 


du — 


16tt€o^ 2 7 4 Jo [1 - (vlc) 2 uf 167re 0 a 3 7 4 


U 9 2 / 

V^j - 

ug 2 

167reon 2 7 4 v 


327reo^ 2 ; 


Problem 10.26 

(a) 


■p 1 <?l</2 - 

Eis(0 = j— j , v ; z- 

4 tt^o (vt)* 


(b) From Eq. 10.68, with 0 = 180°, R = vt, and R = -£: 


F (f) _ 1 gi<fc(l - ^/c 2 ) 

F3l(i5 " 4jre 0 (i;0 2 


No, Newton's third law does not hold: Fi 2 / F 21 , 
because of the extra factor (1 — v 2 /<?}* 



(c) From Eq. 8.29, p -€ 0 /(ExB)dr. HereE - E!+E 2 , whereas B = B 2l soExB = (Ei xB 2 ) + (E 2 xB 2 ). 
But the latter, when integrated over all space, is independent of time. We want only the time-dependent part: 

p(£) = en [ (Ei x B>)dr. Now Ej — % r, while, from Eq. 10.69, B 2 — i(v x E 2 ), and (Eq. 10.68) 

J Aticq r l c l 


E 2 — 


q? 


(l-v 2 /c 2 ) R 


r sin 0 


4tj"€q (1 — v 2 sin 2 d J /c 2 ) 3 / 2 R 2 


. But R = r — v£; R 2 = r 2 + v~t 2 - 2rvtcos0\ sind r = — - - — * So 


E 2 — 


ga (l-^ 2 /c 2 ) (r-vt) 

4tt€q [1 — (t;r sin O/Rc) 2 ]'^ 2 


R 

. Finally, noting that v x (r — v£) — v x r — vr sin 0 0, we get 


B 2 - 


ft( l~v 2 /c 2 ) 


vr sin 0 


<f>. So p(£) = €q- 


qi g 2 (l ~ v 2 /c 2 )v f 1 rsin 0 (r x 0 ) 


7 


4?r e 0 c 2 [ip - (vrsin0/c) 2 ] 3/2 ^ " 4 7re 0 47 re 0 c 2 J r 2 [jp _ (ursinfl/c) 2 ] 3 ' 3 ' 

But f x $ = — 0 = —(cos 0 cos $ x 4 - cos 0 sin $ y ~ sin$ z), and the x and 3 / components integrate to zero, so: 


p (*) = 


7 

7 


sin 2 0 


g t g 2 tJ(l - u 2 /c 2 ) z 

(4ttc) 2 Co d r [r 2 + (u £) 2 — 2 ru£cos^ — (ursin#/c ) 2 
gjg 2 u(l - u 2 /c 2 ) £ Z' rsin 3 ^ 


— 7 - r sin ^ dr d0 dd> 
1 3/2 


87tc 2 €o 7 [r 2 + (i?£) 2 — 2rtj£cos^ — (ur sin ^/c) 2 ] 3 ^ 2 


dr dd. 
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I’ll do the r integral first. According to the CRC Tables, 

2{bx + 2a) 


f 


(a + bx 4- cx 2 ) 3 / 2 


dx — — 


(4 ac — h 2 )yj a + bx + cx 2 
2 


4 ac - b 2 


b 2 a 

y/c yfa 


y/c(4ac — b 2 ) 


(b — 2 y/ac) — 


(2 y/ac — b) 


y/c (2y/ac - b) (2y/ac + 6 ) yfc 


{2^/ac H - 6) 


In this case x — r, a = (td) 2 , 6 = — 2tricos#, and c = 1 — (vfc) 2 sin 2 9. So the r integral is 

2 1 


\J\ — (u/c) 2 sin 2 # 2vtyJ\ — (i;/c) 2 sin 2 # - 2tdcos# vtyjl — ( v/c ) 2 sin 2 9 \J 1 — (u/c) 2 sin 2 9 — cos# 


\/i“(”/c) 2 sin 2 0 + cos# 


1 + 


cos # 


So 


td^/l - (v/c) 2 sin 2 # [l — (t;/c) 3 sin 2 9 — cos 2 #] ^ s * n ^ v 2 jc 2 ) — (v/c) 2 sin 2 0 


p(0 = 


gig 2 v(l - t^/c 2 ) z 1 


r — 

7o sin 2 


gl 92 z 
87rc 2 eo£ 


87rc 2 e 0 vt(l - w 2 /e 2 ) J 0 sin 2 9 

cos 9 sin 6 


1 + 


cos# 




^ ( c/v ) 2 — sin 2 9 


yjl - (v/c) 2 sin 2 9 
d$\. 


sin 3 9 d9 


But f* sin 9d9 — 2. In the second integral let u = cos#, so du = — $in#d#: 


F 


cos 9 sin 9 


^ (c/v) 2 — sin 2 9 
Conclusion; 

(d) 


d9 


-£ 


„u\ _ M09192 a 

pW -^r z 


yj{cjv) 2 - 1 + U 2 

(plus a term constant in time)* 


du = 0 (the integrand is odd, and the interval is even)* 


^12 + F 21 

dp 

dt 


1 - 1 q]q 2 {l 2 v 11£l1 - _ 9 i 92 (, 

47T£ Q v 2 1 2 4ire 0 v 2 t 2 4 tv£q v 2 t 2 \ 


W)9l«2 . _ „ , p 

-^-*-F 12 + F 21 . 


qed 


, , v 2 \ _ qiq 2 __ /io?i92 

C 2 ) 4TTtaC 2 t 2 4 tt t 2 


Since q\ is at rest, and ^2 is moving at constant velocity, there must be another force (F mec h) acting on 
them, to balance F 12 + F 2 i; what we have found is that F meC h — dp em /d£, which means that the impulse 
imparted to the system by the external force ends up as momentum in the fields. [For further discussion of 
this problem see X J. G. Scanio, Am. X Phys. 43, 258 (1975),] 


